Received: February 4, 1999, Accepted: March 25, 1999

HYPER VERSION

^g-coupling (g_{B∗Bπ} , g_{D∗Dπ} ): a quark model with Dirac equation

Damir Becirevic

Dip. di Fisica, Università “La Sapienza” and INFN, Sezione di Roma, P.le A. Moro, I-00185 Rome, Italy E-mail: Damir.Becirevic@roma1.infn.it

Alain Le Yaouanc

Laboratoire de Physique Théorique,^∗ Bâtiment 210, Université de Paris XI, 91405 Orsay Cedex, France E-mail: leyaouan@qcd.th.u-psud.fr

Abstract: We discuss the strong coupling of heavy mesons to a pion ^g, in the heavy quark limit. This quantity is quite remarkable since its values as estimated by different methods (various quark models and the QCD sum rules), are surprisingly different. The present quark models are mostly based on free spinors and their predictions depend crucially on the choice of the light quark mass. We propose a quark model based on the Dirac equation in a central potential, which gives a more refined description of Dirac spinors. We show that within such a Dirac model, the value of ^g is stable and large: ^g = 0.6(1), where we assume no quark current renormalization ((g_A)_q = 1). Such a large result is strongly constrained by requiring that the model parameters fit the spectrum; we show that this implies a large “effective” light mass. It is also supported phenomenologically by a similar situation with heavy baryons, as well as by experience with nucleon (if one invokes additivity). We also calculate the couplings to heavy meson excitations, and show that the Adler–Weisberger sum rule is well saturated by a few levels (in contrast to the case of small ^g). We discuss uncertainties of our approach, and rise several questions which remain to be answered. The main mystery is the large, unusual discrepancy with QCD sum rules for ^g, whereas a good agreement is found for orbital excitations.

Keywords: Heavy Quarks Physics, Phenomenological Models, B-Physics.

∗Laboratoire associé au Centre National de la Recherche Scientifique - URA D00063

Contents

1. Introduction 1

2. Dirac equation, pion emission and Adler–Weisberger sum rule 4

3. Calculations with a specific class of Dirac equation 9 3.1 Potential and solution of Dirac equation 9 3.2 Expressions for pionic transitions 12

4. Discussion of the results 13 4.1 Discussion of the numerical estimate of ^g, comparison with QCD sum rules and experiment 13 4.2 Interpretation of the results of the Dirac equation model in comparison with previous quark model calculations 15 4.3 Discussion of other pionic transitions, additivity and saturation of the Adler-Weisberger sum rule 15

5. Conclusion 16

1. Introduction

A precise value of the coupling of pion to heavy-light mesons (g_B∗_{Bπ}, g_D∗_{Dπ}, or ^g which is, in the heavy quark limit, related to g_B∗_{Bπ} as, g_B∗_{Bπ} ≃ (2m_B/f_π)^g), has been often needed in phenomenology during the last decade (see ref. [1], for review). g_B∗_{Bπ} is particularly important, since it can be helpful in the analysis of the semileptonic B → π decay. Namely, the exclusive modes, B → π(ρ)ℓν_ℓ, represent the most promising way to extract the value of the least known CKM matrix element, |V_{ub}|. For that, the essential theoretical input are form factors, describing the hadronic matrix elements in the whole physical region. The calculations which incorporate QCD in their first principles (lattice QCD and QCD sum rules) cannot fully solve the problem, i.e. they do not cover the whole physical range of q^2, in particular the very small recoil region, near q^2_{max}. A simple complementary theoretical idea is the one of the nearest pole (a vector meson) dominance (VMD). According to the extensive study in ref. [2], in the heavy quark limit, the form factor f^+_{B→π}(q^2) is actually dominated by B^∗, when close to q^2_{max}. Then, one has

f^+(q^2) ≃ 1 2m_B∗ f_B∗ g_B∗_{Bπ} 1 −^{q2}_{m2B∗} , (1.1)

where f_B∗ g_B∗_{Bπ}m_B∗ /2, represents the residue of the form factor at that particular (nearest) pole.^1 It includes g_B∗_{Bπ}, whence a main interest in evaluating this quantity. Of course, the complete functional dependence for this form factor is different from VMD, i.e. for lower q^2 (larger recoils, ⃗q^2), where the contributions of higher excitations become substantial, it becomes:

f^+(q^2) = 1 2 ( f_B∗ g_B∗_{Bπ} m_B∗ m^2_B∗ − q^2 + ∑ n f_B∗_n g_B∗_{nBπ}m_B∗_n m^2_B∗_n − q^2 ) , (1.2)

where f_B∗_n g_B∗_{nBπ} m_B∗_n , are the Bπ couplings to the the higher excitations, B^∗_n. For the complete treatment, one should also account for multiparticle states, which cannot be incorporated in our simple approach.

There cannot be a direct experimental indication on g_B∗_{Bπ}, because there is no phase space for the decay B^∗ → Bπ. The available experimental results for D^∗ → Dπ [3],^2 can be related to g_B∗_{Bπ}, through the heavy quark symmetry (HQS). Still, the upper limit that can be obtained in this way is not very constraining (see table 1). One must then turn to theory.

A first lattice approach related to the above considerations would consist in comparing the lattice form factor data near zero recoil to VMD in the case of D → π (which is directly accessible on the lattice), and estimate g_D∗_{Dπ} and thus g_B∗_{Bπ}. In this way, using the APE data [4] for f^+_{D(⃗p=0)→π(⃗plat)}(q^2), where ⃗p_{lat} is the smallest momentum that can be given to a particle on the lattice, one obtains ^g = 0.41(6). It is important to mention that the appropriate chiral extrapolation was performed. Results have also been obtained by working on B → π lattice data, which are obtained by extrapolation in the heavy quark mass [5].

Very recently, a direct preliminary determination of g_B∗_{Bπ} on the lattice has been attempted by UKQCD [6]. The value they reported, ^g = 0.42(4)(8), is compatible with the one extracted from the form factor close to zero recoil.

We turn now to the other systematic theoretical methods for calculating the couplings: QCD sum rules (QCDSR) and quark models (QM). A new problem then arises: they lead to very different results for a seemingly simple quantity. One would like to understand why. The main result we present here, concerns the coupling ^g.

1We take f_π = 131 MeV.

2Γ(D^{∗+})^{(exp.)} × B(D^{∗+} → D^0π^+)^{(exp.)} < 90(2) keV , amounts to the bound ^g^2 < 0.57.

Lattice QCD

ref. [6] 0.42(4)(8)

Direct method by studying the ⟨B|A_μ(0)|B^∗⟩. QCD Sum Rules

ref. [7]

0.39(16) 0.21(6)^a

} SR + soft pion limit;

a) Included O(α_s) corrections.

ref. [8] 0.15(3) Double moment SR.

ref. [9] 0.2 ÷ 0.4 SR in external axial field.

ref. [10] 0.32(2) Light cone SR (calcul. of gB∗Bπ).

ref. [11] 0.21(7) Light cone SR (calcul. of gB∗B∗π).

Quark Models

ref. [12] 1.0 Non-relativistic QM.

ref. [13] 0.60(5) Light front QM-I.

ref. [14] 0.57 Light front QM-II.

ref. [15] 0.46(4) Model which includes HQS

and approximate χS.

ref. [16] 1/3 Partially relativistic model.

This work 0.6(1)

With the preferred set of parameters: ^g = 0.61 (see the text).

“Experiment”

ref. [17] < 0.76

Experimental upper bound (see footnote 1).

ref. [18]

0.27^{+4 +5}_{−2 −2} 0.76^{+3 +2}_{−3 −1} } From experimental data and accounting for the HQS and χS.

Table 1: Results for ^g as obtained from the lattice QCD, various QCD sum rules and several quark models. In ref. [18], the lagrangean approach (reviewed in [1]) and the experimental results for B(D^{∗+} → D^+γ) and B(D^{∗+} → D^0π^+) [3], allowed the extraction of ^g, but two solutions were found. Along the same lines, but using the experimental B(D^0 → K^−ℓν_ℓ) and f_{Ds} , two distinct solutions for ^g were obtained also in ref. [19].

A short survey of the literature indicates that the value of ^g is far from being established (see table 1). The overall conclusion drawn from different QCDSR calculations is that the coupling g_B∗_{Bπ} is small. In the heavy quark limit, their typical values are in the range ^g ≃ 0.15 ÷ 0.35. On the other hand, the values proposed by different quark models are quite dispersed, ranging from ^g = 1 in nonrelativistic QM [12], down to ^g = 1/3, in certain partially relativistic models (see ref. [16], for instance). Such discrepancies are very unusual, especially for ground state properties.

From the physical point of view, a question arises when one tries to reconcile the small values for ^g with the Adler–Weisberger sum rule (AWSR). The experience with the coupling to πN, taught us that lowest level resonances give the essential contribution to the saturation of the sum rule. This certainly would not be the case for πB scattering if the value of ^g were very small. Another general problem for a small ^g is the additivity property which is expected to relate the axial couplings of light quarks inside the various hadrons (see below for more discussion). Based on the study of the decay of charmed baryons [20], where the coupling is known experimentally, it can be inferred that, in general, there is no such a strong suppression (of ^g).

We want to rediscuss the problem within the quark model approach, to see whether one can get more stable predictions, restore the saturation of AWSR as discussed above, and retrieve the additivity. This is achieved by working in the Dirac equation framework. After presenting the basic definitions and motivations in sec. 2, we discuss the potential and sketch the calculation in sec. 3. Discussion of the results are presented in sec. 4. We end with a short conclusion in sec. 5.

2. Dirac equation, pion emission and Adler–Weisberger sum rule

A nice feature of the model based on Dirac equation in a central potential is that it treats relativistically the quark internal velocities, with a certain amount of precision. In particular, it includes the Z graphs and appreciably modifies the estimate of the small components as compared to free spinors. The latter is crucial for the estimate of quantities such as axial couplings. It presents exact additivity for the current matrix elements. This model was initiated by Bogolioubov [21], who used it to calculate g_A-nucleon axial coupling (related to the πN scattering). In the soft pion limit, one encounters the famous AWSR:

g^2_A − f^2_π π ∫ ds s − m^2_N [ σ(π^+p) − σ(π^−p) ] = 1 . (2.1)

Bogolioubov obtained the result: g_A = 5/3 (1 − 2δ), where a positive δ is a measure of the small components of Dirac spinors. With large quark velocities found in hadrons, the non-relativistic result g_A = 5/3 is significantly reduced, and a good agreement with experiment (1.267(4) [3]) was reached. In the saturation procedure with the nucleon in the game, one should pay attention to quark’s isospin and then sum over all quarks. In the case of meson with a very massive flavor, the situation is even simpler since we deal with only one light quark (heavy quark decouple due to the heavy quark symmetry). Thus, the situation is very favorable for the use of the Dirac equation, which precisely corresponds to a particle in a static center of force.

This is not only true for the description of the spectrum, but also for a quantum emission from the light quark (radiative transitions, pion emission/absorption).^3 The exact validity of the AWSR in this (Dirac) formalism has already been demonstrated in ref. [23]. We now recall some basic elements. Consider the axial current

A^i_μ(x) = q̄(x)γ_μγ_5 τ^i 2 q(x) , (2.2)

and its corresponding charge

Q^i_A(n) = ∫ d^4xδ(n · x)n^μA^i_μ(x) , (2.3)

where τ^i are ordinary Pauli matrices, whereas n = (n^0, ⃗n) is a timelike unit vector. In the null-plane limit (|⃗n|/n^0 → 1), the matrix element between one-quark states, X^i_{αβ} (n) ≡ ⟨α |Q^i_A(n)| β⟩, describes the pionic transition (m_π = 0):

X^i_{αβ} (n) = ∫ d^4xδ(n · x)Ψ̄_α(x)(n · γ)γ_5 τ^i 2 Ψ_β(x) , (2.4)

where Ψ_i(x) represent a complete set of solutions of the Dirac equation, which we take to be the eigenstates (Ψ_i(x) = Ψ_i(⃗r)e^{−iEit}), whereas n is chosen to be collinear with the pion four-momentum

X^i_{αβ}(n) = ∫ d⃗rΨ̄_α(⃗r) ( γ_0 − ⃗n n^0 ⃗γ ) γ_5 τ^i 2 Ψ_β(⃗r)e^{−i(Eβ −Eα)⃗n·⃗r/n0} (2.5) The last step is to use [ Q^+_A(n), Q^−_A(n) ] = 2I_3(n), demonstrated to be valid in the model [23], in the null-plane limit (|⃗n|/n^0 → 1). I_3(n) is the corresponding vector charge. One finally arrives at ∑ δ X_{αδ}X_{δβ} = δ_{αβ} , (2.6)

i.e. the Weinberg-like, matrix form of the AWSR [22]. By specifying the null-vector n as n^2 = q^2 → 0, we have rewritten (2.5) as:

X_{αβ} = ∫ d⃗r Ψ^†_α(⃗r) ( γ_5 − ⃗q q^0 ⃗Σ ) Ψ_β(⃗r)e^{−i⃗q ⃗r} , (2.7) where ⃗Σ = 1 ⊗⃗σ, as usual, and with τ matrices dropped out thanks to the additivity feature of the Dirac model. As we already mentioned, a heavy-light meson is (in the heavy quark limit) the one light quark system, and we can set |α⟩ = |β⟩ = |B⟩, and write ∑ δ |X_{Bδ} |^2 = 1 . (2.8)

3Thus for the processes when the recoil of the heavy quark can be neglected.

This is the form of the AWSR that we are interested in. X’s will be directly related to the pionic decay widths through the Weinberg’s formula (m_π = 0): Γ(I → Fπ) = 1 2πf^2_π |⃗q|^3 2j_I + 1 ∑ |X_{I→F} |^2 , (2.9)

with sums over initial and final polarisations and over final charge states, and an additional factor 1/2 for neutral pion (f_π = 131 MeV). This will be the main formula for our investigation.

We must emphasize at this stage, that a basic assumption we make is that the QM current is identical to the bare one (in terms of quark operators). Namely, the QCD radiative corrections in principle introduce a (g_A)_q factor for quarks [24], representing the phenomenological renormalization for constituent quarks. We do not introduce such a factor for two reasons. First, we want to remain within the point of view of saturating the AWSR by states composed of valence quarks only. It is rather obvious that the sum (2.8) will no more equate 1, if the axial quark current is multiplied by (g_A)_q ≠ 1. On the other hand, if one includes radiative corrections, then one should also introduce the states with gluons, to keep the consistency with AWSR. Second, such a factor (g_A)_q notably different from 1, does not seem to be required to explain the (similar) charmed baryon decays, or the nucleon (g_A)_N (see sec. 4.3). At least, it could not be very small. Nevertheless, a reduction factor, not too different from 1, is by no means excluded.

In phenomenological lagrangeans (see [1, 25] and references therein), the pionic transitions are basically described in terms of invariant coupling constants. This has several advantages: the phenomenological couplings incorporate explicitly Lorentz invariance and the consequences of the J^P properties for the decay; they may also include the consequences of the HQS and chiral symmetry (χS). From the HQS, we know that the wave function of a heavy meson is independent of the heavy flavor and its spin. Consequently, the total angular momentum of the light degrees of freedom ( i.e. of a light quark) j_ℓ, is a good quantum number and heavy mesons come in degenerate doublets with spin J = j_ℓ ± 1/2. The doublets of interest here, are: [ B( 1_2 0^−), B^∗( 1_2 1^−) ] ; [ B^∗_0 ( 1_2 0^+)B^′_1( 1_2 1^+) ] ; [ B_1( 3_2 1^+), B^∗_2 ( 3_2 2^+) ] , (2.10)

with the notation,_{jℓ} J^P . From the parity conservation, one can easily see that:

i) the transition from one meson to the other within a doublet, occurs with the emission (absorption) of the P-wave pion;

ii) between B and B^∗_0 , as well as between B^∗ and B_1(B^′_1), the transition occurs with the S-wave pion;

iii) between two mesons of next to neighbouring doublets, with the D-wave pion (when allowed), and so on.

The covariance properties of these transitions are parametrized by the invariant couplings, g_{BiBπ}, with B denoting here generically heavy-light meson, and B_i stands for B^∗, B^∗_0 , B^∗_2 and (in general) for their radial excitations too. We will henceforth leave aside the 1^+ states to avoid the complications of mixing, which anyway cannot be described by the Dirac equation. ⟨Bπ|B^∗⟩ = (q_μϵ^μ) g_B∗_{Bπ} ⟨Bπ|B^∗_0 ⟩ = g_B∗_{0 Bπ} ⟨Bπ|B^∗_2 ⟩ = √ 2 3 (ϵ_{μν} q^μq^ν )g_B∗_{2 Bπ} . (2.11)

Here q_μ is the pion four momentum, whereas ϵ_μ(ϵ_{μν} ) is the polarization vector (tensor) of B^∗(B^∗_2 ). In this definition g_B∗_{Bπ} ≡ g_B∗0_B−_π+ , is related to the other charge combinations by isospin:

g_B∗_{Bπ} = g_B∗0_B−_π+ = −g_B∗−¯_B0_π− = √ 2g_B∗0_B0_π0 = − √ 2g_B∗+_B+_π0 . (2.12)

g_B∗_{0 Bπ} and g_B∗_{2 Bπ} have the mass dimension [m] and [m^{−1}], respectively. Obviously, the above definitions apply in the same way to D and B mesons. The corresponding decay widths are:

Γ(B^{∗0} → B^+π^−) = 1 24π g^2_B∗_{Bπ} |⃗q|^3 m^2_B∗ , Γ(B^{∗0}_0 → B^+π^−) = 1 8π g^2_B∗_{0 Bπ} |⃗q| m^2_B∗_0 ,

Γ(B^{∗0}_2 → B^+π^−) = 1 40π g^2_B∗_{2 Bπ} |⃗q|^5 m^2_B∗_2

. (2.13)

By writing this generically, we have^4

Γ(B^{∗0}_i → B^+π^−) = 1 8π(2j_B∗_i + 1) g^2_B∗_{i Bπ} |⃗q|^{2l+1} m^2_B∗_i

, (2.14)

with ℓ = j_B∗_i being the spin of the decaying meson. If one includes the constraints of HQS and χS in the phenomenological lagrangeans [1, 25], the pionic transitions are described (at lowest order) by the new, dimensionless couplings: (g = ^g), h, h^′, which are the crucial parameters of the approach and are independent of the heavy mass. In fact, the X’s which we defined above (2.7), are essentially these couplings.^5 To obtain the exact relations with our X’s, we compare the corresponding widths in

4Remark again that unlike for Γ(D^∗ → Dπ), the case, B^∗ → Bπ, is kinematically forbidden. 5Indeed, the above X’s are defined for the Dirac equation, and will be valid in the heavy mass limit (m_Q → ∞) of the theory.

the heavy quark limit. In terms of the new couplings, the expressions (2.13) read^6

Γ(B^{∗0} → B^+π^−) = ^g^2 6πf^2_π m_B m_B∗ |⃗q|^3 , Γ(B^{∗0}_0 → B^+π^−) = h^2 8πf^2_π m_B m^3_B∗_0

(m^2_B∗_0 − m^2_B )^2|⃗q| ,

Γ(B^{∗0}_2 → B^+π^−) = h^{′2} 15πf^2_π Λ^2_χ m_B m_B∗_2

|⃗q|^5 . (2.15)

On the other hand, we know that the soft pion emission expressed in terms of X’s is (2.9)

Γ(B^{∗0}_i → B^+π^−) = 1 2πf^2_π |⃗q|^3 2j_B∗_i + 1

|X_i|^2 , (2.16)

with X_i calculated for the u quark and zero polarisations, so that we can identify (up to phases): g_B∗_{Bπ} = 2 √ m_B m_B∗ f_π g ; g = ^g = X_B∗ ,

g_B∗_{0 Bπ} = √ m_B m_B∗_0

(m^2_B∗_0 − m^2_B ) h f_π h = X_B∗_0 ,

g_B∗_{2 Bπ} = √ 8 3 √m_{B∗2} m_B f_π h^′ Λ_χ h^′ Λ_χ = √ 3 2 X_B∗_2 ΔE . (2.17)

The kinematical factors in the first column are kept to their physical values, to (somewhat) account for finite mass effects, although the higher (in 1/m_Q) couplings are being neglected. On the other hand, the second column is obtained consistently in the heavy quark limit, since the couplings g, h, h^′ are the only dominant in this limit. X’s are to be obtained from the Dirac equation (in the m_Q → ∞ limit), where we will also assume m_π = 0, i.e. ω_π = |⃗q| = ΔE (ΔE is the difference between the final and initial Dirac energy level). Λ_χ ≃ 1 GeV, is the chiral symmetry breaking scale. Admittedly, the choice we make is somewhat arbitrary, although conformal to our experience with quark models. Another reasonable procedure which can be used, consists in fixing the matrix element ω_π X/f_π, to its limiting value, ΔE X/f_π, and to take only the phase space factor at its physical value. The resulting widths are somewhat different which indicates the uncertainty in the results.

From the above relations, we see that (in the m_Q → ∞ limit) the AWSR (2.8) can be rewritten in the following form:

(g = ^g)^2 +h^2 + 2 3 (ΔE)^2 h^{′2} Λ^2_χ + · · · orbital excitations

+ radial excitations

+ multiparticle

states

= 1 . (2.18)

6For the B^∗ → B transition, our formula derived exactly from the Lagrangean differs by the factor m_B /m_B∗ from the usual expression.

3. Calculations with a specific class of Dirac equation

3.1 Potential and solution of Dirac equation

To make use of (2.5), we have to find eigenstates of the Dirac equation: ( ⃗α · ⃗p + mβ + V (⃗r) − E ) Ψ(⃗r) = 0 (3.1)

and this is the part where we have to fix the model. Models based on Dirac equation differ in the form of the potential V (⃗r). In particular, the differences come from the Lorentz structure of the confining part of the potential. Here, we will take the linear confining potential as a Lorentz scalar: V (r) = − κ r + β (ar + c) . (3.2)

The Coulomb constant κ, the string tension a, and the constant c (which is included in the scalar-confining part^7), are the parameters of the potential. Note that only the combination (m + c) enters the equation (3.1). Therefore, there will be only three parameters in the model: a, κ and (m + c). It must be emphasized that neither m, nor (m + c) corresponds to the constituent quark mass, so that neither should be constrained to remain around 300 MeV; (m + c) may even be negative (see below). In ref. [26], this model was discussed with various forms of the potential. On theoretical grounds (see [27, 28]), the Lorentz structure of the confining potential is a delicate issue. There is no reason to take it as a vector, since it cannot correspond to the exchange of one single gluon, even if dressed by very large self-energy effects. Indeed, general considerations for the heavy quark-antiquark potential lead to a spin-orbit force with a sign opposite to the one predicted by a vector exchange [29]. Yet, this does not allow to say that the confining potential is the Lorentz scalar. The scalar is only the simplest choice which is in agreement with the quarkonium phenomenology, and in particular with the spin structure (which is very sensitive to the Lorentz assignment of the potential). Therefore, it is reasonable to calculate our X’s adopting such a potential (3.2). If the constant c is included in the scalar confining part (and there is a priori no reason to discard it), only the combination (m + c) (and not only m) enters the game. In other words, we cannot distinguish between the ‘quark mass’ and the constant in the potential. This is not worrisome, because m does not play the role of the constituent mass, in the framework of the Dirac model (see below).

For the solution of the Dirac equation, we will heavily rely on the work of the Wisconsin group on the D, D_s, B, B_s (spin averaged) states [26], where they also discussed the way how to numerically treat the Dirac equation with the potential.

7If a constant c were included in the vector part, the resulting effect would be an overall shift of the spectrum.

We differ however on the questions such as the string tension, the quark mass and the constant in the potential (which we allow to be non-zero).

The general solution of the spherically symmetric problem at hand, can be written as:

Ψ^k_{jm}(⃗r) = ( f^k_j (r)Y^k_{jm}(^r) ig^k_j (r)Y^{−k}_{jm} (^r) ) = ( Y^k_{jm}(^r) 0 0 iY^{−k}_{jm} (^r) ) ( f^k_j (r) g^k_j (r) ) . (3.3)

Y^{−k}_{jm} (^r) denote usual spherical harmonics, where k stands for the Dirac quantum number (k = l for l = j + 1/2, and k = −(l + 1) for l = j − 1/2). After inserting this into the Dirac equation, one arrives at the system of differential equations, m + ar + c − κ r − E k r − ( d dr + 1 r ) k r + ( d dr + 1 r ) − (m + ar + c) − κ r − E ( f^k_j (r) g^k_j (r) ) = 0 . (3.4)

As it was proposed in [27], we look for the solutions of the radial part

f^k_j (r) ≃ N∑ i=1 c^{(f)}_i ϕ_{il(k)} , g^k_j (r) ≃ N∑ i=1 c^{(g)}_i ϕ_{il(k)} . (3.5)

in the pseudocoulombic basis of functions: ϕ_{il}(r) = √ 8(i − 1)!

(i + 2l + 1)!

β^{32} (2βr)^le^{−βr}L^{2l+2}_{i−1} (2βr) . (3.6)

For a certain N, one diagonalizes the hamiltonian and gets N positive and N negative energy solutions. The eigenvalues E_i, should not depend on the variation parameter β, which is actually the case if N is large enough (in our case it turns out to be for N ≥ 15). In order to fix the parameters of the potential, one has to compare the predicted spectrum with the experiment, which is not a trivial task. The Dirac equation has the properties of heavy quark mass limit, i.e. the mass of a heavy-light meson is m_H = m_Q + E_ℓ + O(1/m_Q). If we neglect the terms O(1/m_Q), m_Q can be adjusted trivially for each quark species to fit the ground state, or more precisely, the spin-averaged (0^−, 1^−) ground state. However, this approximation appears to be too crude, as we show below. Let us reconsider the problem of comparing the experimental spectrum with the predictions of the Dirac equation. Note that in the latter only the spin-orbit force (relative to the light quark) survives, whereas the spinspin force is not present.^8 What is really predictable and comparable with experiment is: ΔE^∞_1 , the mass difference between the spin average of the (L = 1, j_ℓ = 3/2) states and the spin-averaged (0^−, 1^−) ground state (extrapolated to the heavy quark limit), and ΔE_{s.o.}, the spin-orbit splitting between (L = 1, j_ℓ = 3/2) and (L = 1, j_ℓ = 1/2) states (in principle also to be extrapolated).

8This implies that e.g., the L = 1 states with same j_ℓ are degenerate.

The quantity (ΔE^∞_1 )^{(exp)} is known, modulo spin averages and an extrapolation in 1/m_Q. By using D and B states [3] (i.e. ΔE^c_1 and ΔE^b_1) and extrapolating as

ΔE^Q_1 = ΔE^∞_1 + A m_Q , (3.7)

one finds that the coefficient A is sizable A ≃ 0.16 GeV^2. That means that for D mesons, the corrections are as large as ∼ 25%.

As for the L = 1, j_ℓ = 1/2 states, they are yet to be detecteded, although an interesting constraint on the spin-orbit splitting can be deduced from existing data. Namely, the observed (broad) B^{∗∗} bump,^9 cannot be a priori ascribed to the (narrow) j_ℓ = 3/2 states only. That means that the L = 1, j_ℓ = 1/2 states are also present in B^{∗∗}, and their widths should be around 100 MeV (which may be the explanation why they were not isolated). This fact gives an important, additional constraint on the spectrum: the splitting between j_ℓ = 3/2 and j_ℓ = 1/2 states must be small, i.e. such that only one bump stays ‘visible’.

Thus, the two firm experimental facts which we can compare with the predictions of the Dirac equation (and thus fix the parameters of our model) are: the value of ΔE^∞_1 , and the (small) spin-orbit splitting, ΔE_{s.o.}.

The set of parameters which reproduced the spectrum in [26] was:

m = 300 MeV , a = 0.308 GeV^2 , κ = 0.579 , (3.8)

with constant c set to nought. The manifest problem of such a model is the large value of the string tension, which is normally expected to be, 0.15 ≲ a ≲ 0.20 GeV^2. After inspection, we realized that the problem appeared because they fit the spectrum of the D states (ΔE^c_1 = 0.47 MeV), while the Dirac equation is valid in the infinite mass limit. From the measured B^{∗∗} (L=1) states, we can infer ΔE^b_1 ≃ 0.38 MeV, which means that it should be even smaller when m_Q → ∞. Linear extrapolation in eq. (3.7) amounts to ΔE^∞_1 ≈ 0.35 MeV , close to the existing estimate [30]. In order to fit this (smaller) value of ΔE^∞_1 , a much lower value of the string tension a is needed than that found by authors of ref. [26]. In other words, the string tension is very sensitive to the value of ΔE^∞_1 . Since ΔE^∞_1 < ΔE^c_1, we can fit the spectrum with standard values for a. Reasonable values of the other parameters are −0.2 ≲ (m + c) ≲ 0.3 and κ ≳ 0.6, the simultaneous choice of the three parameters must be correlated. Our preferred choice, which was used to get the results listed in tables 2, 3 and 4, is:

−(m + c) = 200 MeV , a = 0.20 GeV^2 , κ = 0.65 . (3.9)

9OPAL Coll. [35] and DELPHI Coll. [36] reported Γ(B^{∗∗}) = 116(24) MeV and Γ(B^{∗∗}) = 145(28) MeV, respectively.

Parameters of the potential (Eq. 3.2) Dirac spectrum

a = 0.20 GeV^2 ΔE^∞_1 = 341 MeV

κ = 0.65 ΔE_{s.o.} = 1.3 MeV

−(m + c) = 200 MeV ΔE^′ = 494 MeV

Table 2: Our preferred set of parameters used for the spectrum for which we tabulate: ΔE^∞_1 = E_{Dirac}(L = 1, k = −2) − E_{Dirac}(L = 0); the small energy splitting within L = 1 states due to the spin-orbit forces in the m_Q = ∞ limit, is ΔE_{s.o.} = E_{Dirac}(k = −2) − E_{Dirac}(k = +1), and ΔE^′ is the distance between the ground state and the first radial excitation in the same limit, also given by the Dirac equation.

3.2 Expressions for pionic transitions

Now we go back to our problem and calculate the pionic transitions from the obtained wave functions, solution of the above Dirac equation (3.1). To end that, we take the pion emitted along the z-axis, and use the plane wave expansion in (2.7), to end up with

X_{BBn} = ∞∑ l=0 (2l + 1)(−i)^l √ 4π 2l + 1 ∫ d⃗rΨ^†_B(⃗r)(γ^5 − Σ_3)Ψ_{Bn} (⃗r)j_l(qr)Y^0_l (^r) . (3.10)

In terms of the eigenfunctions of the Dirac equation, the couplings (for transitions from excited to the ground state) read as follows:

X_{BB}∗ = ∫_∞ 0 {[| | |f^{(−1)}_{1/2} | | |^2 − 1 3 | | |g^{(−1)}_{1/2} | | |^2 ] j_0(qr) − 4 3 | | |g^{(−1)}_{1/2} | | |^2 j2(qr) } r^2dr (3.11)

X_{BB}∗_0 = ∫_∞ 0 {[ f^{(−1)∗}_{1/2} g^{(1)}_{1/2} − g^{(1)∗}_{1/2} f^{(−1)}_{1/2} ] j_0(qr) + [ f^{(−1)∗}_{1/2} f^{(1)}_{1/2} + g^{(1)∗}_{1/2} g^{(−1)}_{1/2} ] j_1(qr) } r^2dr X_{BB}∗_2 = √ 2 ∫_∞ 0 {[ f^{(−1)∗}_{1/2} f^{(−2)}_{3/2} − 1 5 g^{(−1)∗}_{1/2} g^{(−2)}_{3/2} ] j_1(qr)−

− [ f^{(−1)∗}_{1/2} g^{(−2)}_{3/2} − g^{(−1)∗}_{1/2} f^{(−2)}_{3/2} ] j_2(qr) − 6 5 g^{(−1)∗}_{1/2} g^{(−2)}_{3/2} j_3(qr) } r^2dr . For eigenvectors, the dependence on r is implicit (f^{(k)}_{jℓ} ≡ f^{(k)}_{jℓ} (r) and g^{(k)}_{jℓ} ≡ g^{(k)}_{jℓ} (r)), in the above formulae. In a given approximation, the same expressions apply for the radial excitations too, where the corresponding radial functions (f and g) are eigenvectors of the corresponding eigenvalue, E^′_{1/2} = 795 MeV, of the hamiltonian (3.4), in the basis (3.5) with N = 30. Note again that we take q = |⃗q| = ΔE; therefore, |⃗q| = 0, for D^∗ → Dπ transition. The resulting values for the X’s and the couplings g, h, h^′, are listed in table 3, whereas the corresponding decay widths are tabulated in table 4.

Ground state (_{jℓ} L =_{1/2} 0) elastic transition Preferred parameters a = 0.20GeV^2, κ = 0.65, (m + c) = −0.2GeV X_{1/20→1/20} = ^g = 0.607

Another set of parameters with satisfactory spectrum a = 0.15GeV^2, κ = 0.62, (m + c) = 0.3GeV X_{1/20→1/20} = ^g = 0.728 Transitions to (L = 1) excited states Preferred set of parameters |X_{1/20→1/21}| = |h| = 0.536 |X_{1/20→3/21}| = 0.234 , → |h^′/Λ_χ| = 0.841

Table 3: Transition matrix elements X’s, and couplings of heavy mesons with a single pion. The basis of functions (3.5,3.6) is used with N=30, and (g_A)_q = 1, as discussed in the text.

g_B∗_{Bπ} = 49.1 g_D∗_{Dπ} = 18 Γ(B^∗ → Bπ) = NO Γ(D^∗ → Dπ) = 93.7keV g_B∗_{0 Bπ} ≃ 19.5GeV g_D∗_{0 Dπ} ≃ 8.2GeV Γ(B^∗_0 → Bπ) ≃ 290MeV Γ(D^∗_0 → Dπ) ≃ 320MeV g_B∗_{2 Bπ} = 58GeV^{−1} g_D∗_{2 Dπ} = 22.5GeV^{−1} Γ(B^∗_2 → B^{(∗)}π) = 27MeV Γ(D^∗_2 → D^{(∗)}π) = 47MeV

Table 4: Decay widths, calculated in the way described in sec. 2; we use the masses m_D∗_0 = 2.4GeV, m_D∗_2 = 2.46GeV, m_B∗∗ = 5.732GeV. Note that the widths are sensitive to the assumptions concerning excitation masses.

4. Discussion of the results

4.1 Discussion of the numerical estimate of ^g, comparison with QCD sum rules and experiment For |⃗q| = 0, the expression for X= ^g is particularly simple: ^g = X_{BB}∗ = ∫_∞ 0 {| | |f^{(−1)}_{1/2} | | |^2 − 1 3 | | |g^{(−1)}_{1/2} | | |^2 } r^2dr , (4.1)

with the normalisation condition, 1 = ∫_∞ 0 {| | |f^{(−1)}_{1/2} | | |^2 + | | |g^{(−1)}_{1/2} | | |^2 } r^2dr . (4.2)

In the non-relativistic limit, the small component, g^{(−1)}_{1/2} is zero, and therefore: ^g = 1.

This result would correspond to the famous 5/3 for the nucleon. As we already explained, with the small components different from zero, the value for ^g is considerably reduced. In abstracto, it could be very small, but we obtain (with our preferred parameters), ^g ≃ 0.61 , (4.3)

which is by far larger than the values advocated by QCD sum rules ^g ∼ 0.2 ÷ 0.3. We stress that this moderate suppression in our model remains such, even when we vary the parameters in their reasonable ranges (see sec. 3). We obtain, ^g ≃ 0.6 ± 0.1. This value corresponds to what is needed to get g_A/g_V < 5/3, i.e. closer to experiment [21]. To better monitor the consistency, we also observe that if we adopt the free Dirac spinors and m = 0, we get a result of [16], ^g = 1/3, but the success of Bogolioubov’s result for g_A/g_V would be totally lost. In fact, in this argument, we invoke the general principle of additivity for the coupling of light quarks within different hadrons, which is exact in the framework of the Dirac equation: the light quarks are considered to be independent and bound to a common center of force. In the nucleon, it is possible that the equal light quark masssituation implies smaller internal velocities than in the D mesons, which could invalidate the use of our Dirac model and the additivity. However, the additivity argument works well for light quarks in charmed baryons which are more analogous to D mesons, and one finds indeed that the suppression with respect to the naive model seems experimentally moderate [20].^{10}

As for the sensitivity of our (relatively large) result on the choice of parameters, we emphasize that we have quite clear conclusion that ^g ≳ 0.5, regardless of the choice of parameters provided they are compatible with the spectrum. ^g decreases with (m + c), but the latter should be kept ≥ −0.2 GeV to ensure that the spectrum is well reproduced. We repeat, in the framework of the quark model with Dirac equation, low values of ^g, like 0.2 or 0.3, are completely excluded.

On the other side, to keep ^g compatible with the experimental upper bound (see table 1), we have to ensure^{11} that (m + c) ≤ 300 MeV. With (m + c) small and negative, the spectrum can be very well described, and we are safely below the experimental bound. This determined our preferred set (3.9). We must note that O(1/m_c) enhancement with respect to the m_Q → ∞ prediction is expected. In [2], it is shown that ( g_B∗_{Bπ} m_Q ) ( f_B∗ √ m_Q ) = C_∞ ( 1 + O ( 1 m^2_Q )) (4.4)

10We stress again that g_A/g_V and ^g, should be also suppressed by the QCD radiative corrections [24], and therefore the small component correction must not be too large.

11With (m + c) ≃ 300 MeV, we have ^g ≃ 0.73, and our numbers are compatible with the bound, but quite close to it.

where C_∞ is the m_Q → ∞ limit of the l.h.s. Since f_B∗ √m_Q, deviates from its limit by a negative O(1/m_Q) term, one sees that g_B∗_{Bπ}/m_Q deviates from its limit ^g/f_π by a positive O(1/m_Q) term. This is not in contradiction with our way of extrapolating g_B∗_{Bπ}/m_Q (eq. (2.17)), since √ m_B m_B∗ /m_Q may be expected to be larger than one.

4.2 Interpretation of the results of the Dirac equation model in comparison with previous quark model calculations

An intriguing question for quark modelists is why our findings are so different from the ones of ref. [16] (i.e. ^g = 1/3). We already showed that this number can be obtained with a free Dirac spinor structure and m = 0, independently of the spatial wave function. This would correspond to ∫_∞ 0 | |g(−1)_{1/2} | |^2 r_2dr = ∫_∞ 0 | |f (−1)_{1/2} | |^2 r_2dr . (4.5)

However, the result is quite sensitive to the quark mass, m. On the contrary, in our case, the magnitude of the small components in the Dirac scalar confining potential is determined by an average effective mass, m_{eff} = ⟨m + ar + c⟩ (for simplicity, we disregard now the Coulomb potential).^{12} In other words, in our approach, the average ⟨m+ar+c⟩, and not just m or (m+c), corresponds to the idea of the constituent mass. This average is large for any reasonable choice of parameters fitting the spectrum; e.g. for the lowest admissible (m + c) = −0.2 GeV and a ≃ 0.2 GeV^2, κ ∈ (0.6 ÷ 0.7):

a⟨r⟩ ≃ 0.2 GeV^2 × 2.45 GeV^{−1} , (4.6)

which gives ⟨m + ar + c⟩ ≃ 0.3 GeV, therefore, already a rather large number.^{13} Therefore, the integral over g^{(−1)}_{1/2} (≲ 0.3), remains always much smaller than over f^{(−1)}_{1/2} , for the values of (m + c) compatible with the spectrum. In other words ^g remains large. We reiterate that a smaller ^g is allowed only when (m + c) gets much below zero, which turns out to fail in the spectrum description. Therefore, the small values for ^g, like 0.5 or smaller, are prohibited.

4.3 Discussion of other pionic transitions, additivity and saturation of the Adler-Weisberger sum rule

Orbital excitations: First, let us notice that our infinite mass limit coupling h, is in a quite remarkable agreement with the findings of the QCDSR [31, 32]. On the other hand the value of h^′/Λ_χ is compatible with sum rules but somewhat larger. As for comparison with experiment: i) As inferred from table 4, the D^{∗∗} and B^{∗∗} (j_ℓ = 3/2) 2^+ widths, are reasonably well described by our model. Though, our D^∗_2 is somewhat

12We owe this remark to J.-C. Raynal.

13Larger values are obtained at larger (m + c), although ⟨r⟩ is smaller: e.g. for (m + c) = 0, we have m_{ef f} = 0.42 GeV, and for (m + c) = 0.2 GeV, m_{ef f} = 0.55 GeV.

too large, which may be explained by large 1/m_Q corrections in the D sector (see in this respect [30]). ii) The predicted large width of order 300 MeV for D^∗_0 may explain why it is not seen. The experimental total width of the B^{∗∗} bump (∼ 140MeV) is smaller than our prediction, ∼ 250 MeV , for the B^∗_0 ; this remains to be understood. One interesting feature of this (emission) model is the relative narrowness of the S wave (0^+) decays, which were predicted to be much larger (around 1 GeV) by previous quark pair creation models [34]. This is actually due to the fact that our model contains an additional factor of ω_π in the amplitude.

Recently, DELPHI claimed to have detected the very narrow, would be D^{∗′}(2637), radial excitation [38]. Subsequent search by CLEO [39]^{14} did not find the trace of such a ‘peak’. In ref. [40], the radial excitation interpretation was excluded. Our model is not well suited to discuss radial excitation decays because of the sensitivity to the nodes of the wave function [24]. With this remark in mind, we give the result

|X_D∗′ | = 0.237 , → Γ(D^{∗′} → Dπ) ≃ 70MeV . (4.7)

In ref. [20], it was concluded that the experimentally measured Σ^∗_c → Λ_c+π width is in agreement with a naive non-relativistic QM estimate, with a small reduction factor. The situation is similar to the one of the D meson, and one expects the validity of the additivity principle: the coupling of light quarks to pion inside Σ_c is the same as in the D. This is certainly true for the model with Dirac equation. This observation makes us confident that the value of ^g is indeed large.

For the end, we verify the saturation of the AWSR. We rewrite (2.18) without radial excitations and multiparticle states:

^g^2 + h^2 + 2 3 (ΔE)^2 h^{′2} Λ^2_χ

+ · · · = 0.368 + 0.287 + 0.055 + · · · , (4.8)

which means that the first pole and orbital excitations saturate more than 70% the AWSR for Bπ scattering, with the B^∗ contributing the most. The saturation seems to work with a small number of resonance levels (like in the case of nucleon), in contrast with what would happen if we took the result of QCD sum rules.

5. Conclusion

• Using a Dirac model with a scalar confining potential (which per se includes the property of additivity of pion couplings), we have obtained a prediction for ^g = 0.6(1), which is well defined and stable under the variation of the model parameters (chosen in a way compatible with the observed hadron spectrum). This is somewhat different from the previous quark model calculations, which

14N.B.: In this reference, presented are also the first preliminary results for a broad J^P = 1^+ charmed state: m_{D1} = 2.461^{+.41}_{−.34} ± .010 ± .032 GeV, Γ = 290^{+101}_{−79} ± 26 ± 36 MeV.

were very sensitive to a (not well constrained) light quark mass parameter. Our model also provides a good description of the decays of orbital excitations, and (presumably) of the charmed baryon decay, Σ^∗_c → Λ_c + π; it gives the right g_A/g_V , for nucleon [33]. It saturates well the Adler–Weisberger sum rule with a few low-lying resonances, as observed for the nucleon. The result for ^g and consequently for g_D∗_{Dπ} and g_B∗_{Bπ} is definitely large: ^g ≥ 0.5.

• Of course, the main concern is the complete discrepancy with QCDSR predictions for ^g. It is the first time that one observes such a large discrepancy between the two methods in a situation where both are expected by their proponents, to work reasonably well.

• Our assumption of a scalar potential (which lacks a QCD basis), the use of an elementary quantum emission model for strong decay to a hadron, and finally the use of the bare quark current for an emission from a light quark (in spite of possibly large renormalization effects), are possible defaults of our approach. Hence, we cannot claim to have compelling and accurate predictions in a quark model. For instance, it is quite possible that one should have to introduce a reduction factor for the quark current (g_A)_q. Still, with all these elements in mind, it would be very surprising if our predictions turn to be totally away from the correct number (as the QCDSR results suggest).

• Since one can always doubt results of a particular model, we insist on our strongest argument: it would not be easy to escape our (large ^g) conclusion within any quark model, and to explain the magnitude of the known pionic couplings of ground state baryons, at the same time. Indeed, if we lessen the strength of ^g, then a similar suppression in the pionic couplings in other ground state hadrons (due to approximate additivity for light quarks pion couplings, expected at least to work well for charmed hadrons) would be difficult to escape. Now, such a suppression is not actually observed. It is neither possible to introduce a small (g_A)_q in order to reconcile the quark model with the small result of sum rules, because it will be still more unavoidable to end with such a suppression in other pionic couplings, which is not observed.

• On the side of QCDSR, certainly the convergence of the various calculations towards a small value of ^g is very impressive. However, one should:

a) have a conceptual understanding of why the result is so small, as compared to the naive non-relativistic QM (∼ 1/5 suppression factor!), while the latter works reasonably for the analogous g_{ρππ}, and g_K∗_{Kπ} couplings (e.g. recent result of ref. [41]);

b) explain why the heavy baryon widths apparently do not exhibit any particularly strong suppression with respect to a naive non-relativistic prediction;

c) understand how the AWSR is saturated, with the ground state contribution being so small.

Acknowledgments

We would like to thank J.-C. Raynal for useful discussions, as well as A. Khodjamirian for useful communication. D.B. acknowledges the partial support of “La Fondation des Treilles”.

References

[1] R. Casalbuoni, A. Deandrea, N. Di Bartolomeo, R. Gatto, F. Feruglio and G. Nardulli, Phys. Rep. 281 (1997) 145 [hep-ph/9605342].

[2] G. Burdman, Z. Ligeti, M. Neubert and Y. Nir, Phys. Rev. D 49 (1994) 2331 [hep-ph/9309272].

[3] Particle Data Group, Eur. Phys. J. C 3 (1998) 1.

[4] C.R. Allton et al. (APE Collaboration), Phys. Lett. B 345 (1995) 513 [hep-lat/9411011].

[5] L. Lellouch, Nucl. Phys. B 479 (1996) 353 [hep-ph/9509358].

[6] G.M. de Divitiis et al. (UKQCD Collaboration), J. High Energy Phys. 10 (1998) 10 [hep-lat/9807032].

[7] P. Colangelo, A. Deandrea, G. Nardulli, N. Di Bartolomeo, R. Gatto and F. Feruglio, Phys. Lett. B 339 (1994) 151 [hep-ph/9406295].

[8] H.G. Dosch and S. Narison, Phys. Lett. B 368 (1996) 163 [hep-ph/9510212]. [9] A.G. Grozin and O.I. Yakovlev, Eur. Phys. J. C 20 (1998) 721 [hep-ph/9706421]. [10] V.M. Belyaev, V.M. Braun, A. Khodjamirian and R. Rückl, Phys. Rev. D 51 (1995) 6177 [hep-ph/9410280].

[11] P. Colangelo and F. De Fazio, Eur. Phys. J. C 4 (1998) 503 [hep-ph/9706271]. [12] T.M. Yan et al., Phys. Rev. D 46 (1992) 1148.

[13] P.J. O’Donnell and Q.P. Xu, Phys. Lett. B 336 (1994) 113 [hep-ph/9406300]. [14] W. Jaus, Phys. Rev. D 53 (1996) 1349.

[15] A. Deandrea, N. Di Bartolomeo, R. Gatto, G. Nardulli and A.D. Polosa, Phys. Rev.

D 58 (1998) 034004 [hep-ph/9802308].

[16] P. Colangelo, F. De Fazio and G. Nardulli, Phys. Lett. B 334 (1994) 175 [hep-ph/9406320].

[17] S. Barlag et al., ACCMOR Collaboration, Phys. Lett. B 278 (1992) 480. [18] I.W. Stewart, Nucl. Phys. B 529 (1998) 62 [hep-ph/9803227]. [19] B. Bajc, S. Fajfer, R.J. Oakes and S. Prelovsek, Phys. Rev. D 56 (1997) 7207 [hep-ph/9706223].

[20] D. Pirjol and T.M. Yan Phys. Rev. D 56 (1997) 5483 [hep-ph/9701291]. [21] P.N. Bogolioubov, Ann. Inst. Henri Poincaré, Vol. VIII - 2 (1968) 163. [22] S. Weinberg, Phys. Rev. 177 (1969) 2604.

[23] M.B. Gavela, A. Le Yaouanc, L. Oliver, O. Pène and J.-C. Raynal, Phys. Rev. D 25 (1982) 1931; Phys. Rev. D 25 (1982) 1921.

[24] A. Le Yaouanc, L. Oliver, O. Pène, J.-C. Raynal, “Hadron Transitions in the Quark Model”, Gordon and Breach Science Publishers S.A., New York 1988.

[25] A.F. Falk, Proceedings of the conference Nonperturbative Particle Theory and Experimental Tests, Germany, Heidelberg 1996 [hep-ph/9609380].

[26] M.G. Olsson and S. Veseli, Phys. Rev. D 51 (1995) 5079 [hep-ph/9410405]. [27] V.D. Mur, V.S. Popov, Yu.A. Simonov and V.P. Yurov, Sov. Phys. JETP 78 (1994) 1 [hep-ph/9401203].

[28] N. Brambilla and A. Vairo, Phys. Lett. B 407 (1997) 167 [hep-ph/9703377]. [29] W. Lucha, F.F. Schoberl and D. Gromes, Phys. Rep. 200 (1991) 127. [30] A.F. Falk and T. Mehen, Phys. Rev. D 53 (1996) 231 [hep-ph/9507311]. [31] P. Colangelo, F. De Fazio, G. Nardulli, N. Di Bartolomeo and R. Gatto, Phys. Rev.

D 52 (1995) 6422 [hep-ph/9506207].

[32] T.M. Aliev and M. Savci, J. Phys. G 22 (1996) 1759 [hep-ph/9604258]. [33] A.F. Falk and M. Luke, Phys. Lett. B 292 (1992) 119 [hep-ph/9206241]. [34] S. Godfrey and R. Kokoski, Phys. Rev. D 43 (1991) 1679. [35] R. Akers et al., OPAL Collaboration, Z. Physik C 66 (1995) 19. [36] P. Abreu et al., DELPHI Collaboration, Phys. Lett. B 345 (1995) 598. [37] H. Albrecht et al., ARGUS Collaboration, Phys. Rep. 276 (1996) 223. [38] P. Abreu et al., DELPHI Collaboration, Phys. Lett. B 426 (1998) 231. [39] J.L. Rodriguez, Hadronic decays of Beauty and Charm from CLEO, presented at the symposium Heavy Quarks at Fixed Target, Fermilab, October 1998, CLEO 98-22.

[40] D. Melikhov and O. Pène, Phys. Lett. B 446 (1999) 336 [hep-ph/9809308]. [41] T.M. Aliev, M. Savci and F. Yaşuk, The g_{(Ko}∗_{Kπ)} coupling costant in QCD,

hep-ph/9812213.